In this paper firstly we extend from [0, 1] to an arbitrary compact interval [a, b], the definition of the nonlinear Bernstein operators of max-product kind, B
Introduction
Recently, many papers made investigations on the approximation of fuzzy numbers by trapezoidal or triangular fuzzy members (see [1] - [3] , [5] - [6] , [12] , [16] - [19] , [24] - [27] , [29] ) and by non-linear side functions (see [4] , [7] , [20] , [23] , [28] ). The main aim of this note is to use the so-called Bernstein operator of max-product kind, firstly introduced (and formally studied) in the book [14] , p. 325-326 and completely studied in the papers [9] , [8] , [13] , for approximating fuzzy numbers with continuous membership functions.
The study of max-product type operators started with the papers [10] - [11] , where the authors introduced and studied the Shepard nonlinear operator of max-product kind. For a positive continuous function f : [0, 1] → R, the max-product Bernstein operator was defined in [14] , by Notice that the max-product Bernstein operator is obtained from the linear Bernstein polynomial written in the form
, replacing the "sum" operator by the "maximum" operator.
As it was proved in [8] , [9] , B (M) n (f ) is a continuous nonlinear (more exactly sublinear on the space of positive functions) operator, well-defined for all x ∈ R, and a piecewise rational function on R. In addition we have B (1) . Also, in [8] it was proved that B Then, in the paper [13] it was proved that the order of uniform approximation in the whole class C + ([0, 1]) of positive continuous functions on [0, 1] , cannot be improved, in the sense that there exists a function f in C + ([0, 1]), for which the approximation order by the max-product Bernstein operator is exactly ω 1 (f, 1/ √ n). However, for the class of strictly positive Lipschitz functions, a Jackson type estimate, ω 1 (f, 1/n), was obtained. Finally, in the same paper it was proved that B (M) n preserves the quasi-concavity too. Now, since the restriction of a continuous fuzzy number to its compact support is a quasi-concave function, naturally it is suggested that B (M) n could be used to approximate a fuzzy number (more correctly the restriction of a fuzzy number to its support). On the other hand, since B (M) n preserves the monotonicity, we can use the operator B (M) n to approximate fuzzy numbers given in the parametric LU -form too.
The plan of the paper goes as follows. In Section 2 we define the Bernstein max-product operator on a compact interval [a, b] and prove that the approximation and shape preserving properties one transfer from the case of the [0, 1] interval.
In Section 3, we discuss all the aspects connected to the approximation of fuzzy numbers by these nonlinear operators.
Finally, we present on concrete examples, two graphs which illustrate how the max-product Bernstein operators approximate a fuzzy number and what advantages present with respect to the approximation of fuzzy numbers by the associated linear Bernstein polynomials.
Bernstein max-product operators defined on compact intervals
From now one, through out this paper, we denote by C(I) and C + (I) respectively, the space of continuous functions defined on an interval I and the space of positive continuous functions defined on I respectively.
, we define the corresponding max-product Bernstein operator by 
In this section we will prove that B 
. We can now present the main results of this section. 
Theorem 5 If a, b ∈ R, a < b and f : [a, b] → R + is continuous, then we have the estimate
|B (M) n (f )(x)−f (x)| ≤ 12([b−a]+1)ω 1 f ; 1 √ n + 1 , for all n ∈ N, x ∈ [a, b]. Here ω 1 denotes the modu- lus of continuity of f on [a, b].
Proof. Let us consider the function
Since ω 1 g;
and from the property
and the theorem is proved. 
Using the same type of reasoning we obtain that B
is nonincreasing on [c , b] . For the rest of the proof, noting that |c 1 
) and taking into account that ω 1 (g,
and the proof is complete.
Remark 7 From the above theorem and by Remark 4, it results that if f : [a, b] → R + is continuous and quasi-concave then B
(M) n (f ) is quasi-concave too. 
Remark 8 As we have mentioned in the Introduction, for functions in the space
The set {x ∈ R : µ u (x) = 1} is called the core of u and it is denoted by core(u). The closure of the set 
We need the following auxiliary results.
Then m k,n,j (x) < 1 for all j ∈ {0, 1, ..., n} and k ∈ {0, 1, ..., n}\{j}.
Proof. Without any loss of generality we may suppose that a = 0 and b = 1, because using the same reasoning as in the proof of Theorems 5-6 we easily obtain the conclusion of the lemma in the general case. So, let us fix x ∈ (j/(n + 1), (j + 1)/(n + 1)). According to Lemma 3.2. in [8] we have
Since m j,n,j (x) = 1, it suffices to prove that m j+1,n,j (x) < 1 and m j−1,n,j (x) < 1. By direct calculations we get
Since the function g(y) = (1 − y)/y is strictly decreasing on the interval [j/(n + 1), (j + 1)/(n + 1)], it results that
Clearly, this implies m j,n,j (x)/m j+1,n,j (x) > 1, that is m j+1,n,j (x) < 1. By similar reasonings we get that m j−1,n,j (x) < 1 and the proof is complete.
and the lemma is proved. Now, suppose that u is a fuzzy number such that supp ( 
Theorem 12 Let u be a fuzzy number with supp(u) = [a, b] and core(u) = [c, d] such that a ≤ c < d ≤ b. Then for sufficiently large n, it results that B (M) n (u) is a fuzzy number such that : (i) supp(u)
Proof. Let n ∈ N, such that 
To prove the first statement, let us observe that (see the proof of Lemma 11) 
uniformly. Or, for n ∈ N we introduce the fuzzy number u n as follows. First, we choose k(c, n) such that
.
we take u n (x) = 1. Finally, in the missing intervals we take linear functions so that the continuity of u n is ensured. In addition, it follows that there exists a constant C independent of n, such that
Indeed, it is clear that it suffices to compare the two moduli only on one of the two subintervals (each of them of length (b − a)/(n + 1)) where u n (x) is a linear function. If ω 1 (u n ; 1/ √ n + 1) is attained on the left-hand side interval, it easily follows that it is less than
If ω 1 (u n ; 1/ √ n + 1) is attained in an interval where u n (x) is not entirely linear, by decomposing that interval into two consecutive subintervals, such that on one u n (x) is linear and on the other one coincides with u(x) (by construction), by the triangle inequality it easily follows that
Consequently, we get that B 
(ii) From Theorem 12 it follows that the maxproduct Bernstein operator, B (M) n , is more convenient for approximating fuzzy numbers than the classical linear Bernstein operator, B n . While the order of uniform approximation is the same, the max-product Bernstein operator preserves better the shape of the approximated fuzzy number. In fact, it is easy to prove that if the fuzzy number u has a continuous membership function, then as n increases to ∞ we have B n (u) < 1. Of course, if we normalize B n (u) then we obtain a fuzzy number (it is known that the linear Bernstein operator preserves the quasi-concavity, see e.g. [21] ), but the core of the normalized linear Bernstein operator one reduces to a point which is inconvenient in the case when the core of u is a proper interval.
(iii) For practical considerations it is useful to study the problem of approximating fuzzy numbers that are of Lipschitz-type. For example let us suppose that the fuzzy number u is α-Lipschitz on [a, b], of order α ∈ (0, 1], i.e.,
with some absolute constant M . By Theorem 12, (iii), we have
Now let ε > 0 be arbitrary. Then we have 
Example 13
We approximate the fuzzy number preserves the monotonicity, it is immediate that B proximating fuzzy numbers. They preserve the support and almost entirely the core of the approximated fuzzy number in the case when the core of the fuzzy number is a proper interval. If the fuzzy number u has a continuous membership function, then the sequence B (M) n (u) converges to u with respect to the uniform norm and moreover for sufficiently large n, B (M) n (u) is a proper fuzzy number. For unimodal fuzzy numbers, we presented two methods of approximation by the Bernstein max-product operator. The approximation properties together with the shape preserving properties, indicate that when we approximate a fuzzy number by the Bernstein max-product operator, most of the information associated to a fuzzy number is maintained, which is very important in practice. The complexity of the calculus is at the same level as, for example, in the case of the linear Bernstein operator. For fuzzy numbers given in parametric form with continuous sides, again we obtain the convergence property with respect to the Euclidean distance.
